Abstract: Sustainable forest management needs tools that can predict how silvicultural treatments will affect cutting stands. Growth and yield systems are an example of these tools because they can represent periods of growth and yield of a stand in numerical terms. The aim of this research was to develop a dynamic growth and yield timber system with the stand-level models approach for Pinus patula in even-aged forests of Ixtlán de Juárez, Oaxaca, Mexico. The data was obtained from two consecutive remeasurements of 66 permanent 400 m 2 plots. With this information, prediction and projection equations in the algebraic difference approach for mean diameter at breast height (DBH), basal area and total volume per hectare were fitted through the seemingly unrelated regression technique. Mortality was fitted by the non-linear least squares method. A model of dominant height and site index (Levakovic II) with polymorphism was related to basal area, DBH, total volume ha −1 and mortality equations. The growth system generated an average optimal age rotation of 32 years when the current annual increment (CAI) was the same as the mean annual increment (MAI) for the mean site index and a density of 1500 trees ha −1 at five years. The growth and yield system developed is an important tool for planning forest management of even-aged P. patula forests.
Introduction
Pinus patula Schiede ex Schlechtendal & Chamisso, an endemic species of Mexico, is distributed in Mexico City and the states of Chiapas, Mexico, Hidalgo, Morelos, Oaxaca, Puebla, Querétaro, Tamaulipas, Tlaxcala and Veracruz [1] . The species is important for timber and commercial interest around the world due to its relatively rapid growth rate and adaptation. P. patula is, in fact, largely used for plantations in tropical and subtropical regions of the world, such as South America, Central and Southern Africa and Indonesia even in Australia and New Zealand [1, 2] . It is therefore necessary to incorporate biometric tools to determine the growth of this species to develop suitable forest management programs and to identify and consider various factors simultaneously in space and time. In this way, decision-making in planning forest management activities is facilitated, for example, levels of timber production and other goods, as well as those silvicultural treatments that allow the maintenance of desirable conditions in stands and in the forest in general [3] .
The systems of growth and timber yield (SGTY) are part of the biometric instruments that can project and simulate changes in forest stands over time. A growth system refers to a set of mathematical equations that dynamically predict the growth and yield of a stand under a variety of present and future management conditions [4] . This dynamics is reflected in the changes in magnitude of stand variables such as dominant height (DH), average tree diameter, basal area, number of trees ha −1 and volume [5] .
Of the variables used in the construction of SGTYs, DH is one of the variables least affected by changes in density and by intermediate silvicultural treatments. In addition, it is closely related to total volume, making it a simple indicator of productivity that is easy to evaluate [6] . This variable can be predicted with dynamic equations, which project DH to a future state from the current age and height. This type of equation can be obtained using the algebraic difference approach (ADA) [7] with which families of anamorphic or polymorphic curves are obtained, or through the generalized algebraic difference approach (GADA) [8] , which results in families of polymorphic curves with multiple asymptotes.
Timber volume is the variable of greater interest due to its economic importance at the stand level. It can be estimated from the age, dominant height, basal area and number of trees. These interrelated variables, when expressed with dynamic models of growth, permit simulations of silvicultural management scenarios and the evaluation of the effect in terms of growth and increment [9] .
In Mexico, SGTYs have been developed, mainly for natural even-aged stands and plantations [5, [10] [11] [12] [13] [14] [15] [16] . However, for most Mexican forests, there is still no research on growth rates and timber yield over time to plan and evaluate sustainable forest management.
The objective of the present research was to develop systems of growth and timber yield under the explicit modeling approach for even-aged P. patula stands located in forests of Ixtlán de Juárez, Oaxaca, Mexico, and with this, to be able to advance the knowledge of the decision-making processes of sustainable forest management.
Materials and Methods

Study Area
The study was developed in P. patula stands of Ixtlán de Juárez, Oaxaca, Mexico (Figure 1 ). The study area is located between the coordinates 17 • 23 ′ 0.50"-17 • 23 ′ 0.58" N and 96 • 28 ′ 45"-96 • 28 ′ 53" W, with an average altitude of 2780 m. The region is located in the physiographic province called "Mountain System of the North of Oaxaca". The predominant types of climate in the area are temperate sub-humid and temperate sub-humid with summer rains, with an average annual temperature of 14 • C to 18 • C. The most common soil groups in the area are Acrisols, Luvisols and Cambisols. The dominant vegetation is pine-oak forest [17] . In the forests of the study area, P. patula is managed through strip clear-cutting with immediate planting after harvest. Planting density ranges from 2300 to 2600 trees per hectare, and is complemented by natural regeneration. Figure 1 . Location of the study area.
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Forest Inventory Data
The database used in this study was obtained from two inventories at 66 permanent 400 m 2 sampling plots during the years 2015 and 2016. The plots cover a wide range of ages, site qualities and density levels, which allowed modeling growth conditions of different stands. However, there is a lack of information in the age range of 25 to 50 years old, but since there are data from five-year-old stands and from stands older than 70 years, it was possible to have a consistent database to give plasticity to growth and yield models. The collected data were diameter at breast height (DBH) of all trees within the site, height of at least eight trees per site, of which four were identified as dominant according to the definition of dominant height corresponding to the 100 tallest trees or greater DBH per hectare [18, 19] , as well as the number of live trees.
To estimate the height of the unmeasured trees, we used the generalized allometric model proposed by Jacinto-Salinas [20] :
(Root of mean square error (RMSE) = 4.307, R 2 adj = 0.75)
where TH = total height of the tree (m); DH = average dominant height of the site (m); QD = quadratic mean diameter (cm); DBH = diameter at breast height with bark (cm), and; exp = exponential function. The volume of individual trees was estimated from the Schumacher-Hall equation fitted by Rodríguez-Justino [21] :
where v is the bole volume of the individual tree (m 3 ) with bark excluding the stump, and the other variables were previously defined. From the individual tree forest measurement data, the following variables were estimated: average height of dominant trees (DH, m); arithmetic mean diameter at breast height (DBH, cm); basal area (BA, m 2 ha −1 ); total volume (V, m 3 ha −1 ), and; the number of live trees (LT ha −1 ). Descriptive statistics for the fit of growth models were obtained (Table 1 ) and the trajectories of the data pattern with age ( Figure 2 ). 
The subscripts 1 and 2 correspond to measurements made during the years 2015 and 2016, respectively.
Development of Compatible Models
The compatible SGTYs are made up of two types of functions: prediction equations and their respective projection functions for the state variables DH, BA, DBH and V; a prediction model allows the characterization of the average condition of the stand at a given age, while a projection model predicts the future values of stand status variables from an initial state [5] . The first step in the construction of the SGTY was to determine the station quality of the forest or stand, which requires equations to calculate the DH and site index (SI, which refers to the dominant height of the stand at a reference age (RA)) [6] . In this study we considered the expression polymorphic of Levakovic II fitted by Pérez-López [22] , considering 40 years as base age and its corresponding equation to estimate the dominant height:
The compatible growth equations in mean diameter at breast height, basal area and total volume per hectare were obtained with the algebraic difference approach. In general, an equation in algebraic differences has the form y 2 = f (y 1 , A 1 , A 2 , β), where y 2 is the value of the variable analyzed at an age A 2 (projection age), y 1 is the variable analyzed at age A 1 (initial age), and β is the vector of regression parameters [6, 14, 23] .
For the modeling of the arithmetic mean diameter and basal area, the models of Piennar et al. [24] and Hui and Gadow [25] were fitted, the corresponding prediction and projection equations were:
Piennar et al. [24] model:
Hui and Gadow [25] model:
where DBH 1 = arithmetic mean diameter (cm) at the initial age (A 1 , in years), DBH 2 = arithmetic mean diameter (cm) at the projection age (A 2 , in years), LT 1 = number of live trees per hectare at the initial age, LT 2 = number of live trees per hectare at the projection age, DH 1 = dominant height (m) at the initial age, DH 2 = dominant height (m) at the projection age, BA 1 = basal area (m 2 ·ha −1 ) at the initial age, and BA 2 = basal area (m 2 ha −1 ) at the projection age. As for volume, the following equations were tested: Santiago-García et al. [16] model:
Santiago-García [26] model:
where V 1 = volume (m 3 ha −1 ) at the initial age (A 1 , in years), V 2 = volume (m 3 ha −1 ) at the projection age (A 2 , in years), DH 1 = dominant height (m) at the initial age, DH 2 = dominant height (m) at the projection age, BA 1 = basal area (m 2 ha −1 ) at the initial age, BA 2 = basal area (m 2 ha −1 ) at the projection age, and SI = site index (m).
As a complementary part of the estimation of the timber yield, at the hectare level it was necessary to forecast the number of surviving trees at a given time, for which the following mortality equations were tested [9, 27] :
where LT 1 = number of live trees per hectare at the initial age (A 1 , in years), and LT 2 = number of live trees per hectare at the projection age (A 2 , in years).
Fitting Models and Statistical Analysis
The components of the SGTY were adjusted simultaneously using the seemingly unrelated regression technique (SUR) with the MODEL procedure of SAS/ETS ® 9.3 [28] , except for the mortality function that was adjusted using the non-linear least squares method. The SUR technique provides a more efficient parameter estimation when the components of the error are correlated in a system of equations. It also allowed compatibility between the prediction and projection models, so that both equations take the same values of the parameter estimators and the criterion of minimizing the sum of squares of the residues [29, 30] .
The goodness of fit of the studied models was measured through numerical and graphic analysis of residuals, according to statistics of variability and precision ( Table 2 ). In addition, the predictions and projections of the models were analyzed graphically to verify the logical behavior with respect to the data used. Table 2 . Statistical indicators used to evaluate the goodness of fit of the growth and yield equations.
Indicator Equations
Sum of squares of error (SSE)
Root of mean square error (RMSE)
Coefficient of determination adjusted by the number of parameters (R 2 adj)
Where y i , y andŷ i are the observed value, the mean of the observation and predicted of the dependent variable, respectively; n = number of observations, p = number of model parameters to be evaluated.
Results
Growth Models
The adjustment of the equations to model growth in mean diameter, basal area, volume and mortality was statistically satisfactory (Tables 3 and 4) , explaining 80.8% (prediction) to 99.8% (projection) of the total observed variation. In addition, they showed small values in sum of squares of error (SSE), root mean square error (RMSE), absolute mean bias (E) and standard errors. The parameters were also significant (p < 0.0001), according to the Student t test, in all cases. The test was proposed for H 0 : β i = 0. The probability p < 0.01 indicates the value of the significance. The critical value we used was α = 0.05, so that any value of p below this limit represented a rejection of H 0 (if p ≤ α). Where SSE = sum of squares of error, RMSE = root of mean square error, R 2 -adj = coefficient of determination adjusted by the number of parameters, E = absolute mean bias, and AIC = Akaike information criterion. Using the parameters estimated, it was possible to plot the families of growth curves in mean diameter, basal area, volume and mortality (Figure 2) , as well as the residual plots corresponding to the observed and predicted data with the adjusted equations ( Figure 3 ). Equations (13) and (14) Equations (15) and (16) Equations (5) and (6) Equations (7) and (8) Equations (13) and (14) Equations (15) and (16) Equations (5) and (6) Equations (7) and (8) (5)- (8)); basal area (Equations (9)- (12)); volume (Equations (13)- (16)), and; mortality (Equations (17) and (18)).
The compatible equations that best represent growth in average DBH are 5-6 (indicated in the lower AIC), both in the plot (Figure 2 ) and statistically (Table 3 ). In addition, the residues (Figure 3 ) are similar than those that yielded Equations (7) and (8) . These functions depend on age, site quality (dominant height) and number of trees (density).
The indicators of goodness of fit and residuals (Table 3 and Figure 3 ) indicate that Equations (11) and (12) adequately project growth in basal area because, while Equations (9) and (10) underestimate the basal area at early ages (Figure 2 ), Equations (11) and (12) have a more realistic behavior. In this way, the equations for modeling growth in basal area are in function of site quality (dominant height) and density (number of trees).
Compatible Equations (15) and (16) best describe volume growth because they are statistically superior (Table 3 and Figure 3 ) (Supplementary Materials Equations (13)- (16) in the supplementary information), presenting higher R 2 adj and lower SSE and E. In order to project mortality, Equation (17) was adequately adjusted (Table 3 , Figures 2 and 3) to the observed data.
Using the Compatible System
The adjusted equations can represent, in numerical terms, the life of a stand using a yield table, which can determine the change in magnitude of each of the indicators of interest as age changes. It is important to mention that with the proposed SGTY, multiple yield tables can be constructed with many combinations for density management [16] . The yield table of variable density for P. patula stands with average SI (29 m) generates to an age of 18 years a maximum current annual increment of 26.43 m 3 ha −1 year −1 (Table 5) . The yield tables allow calculation of the current annual increment (CAI) and the mean annual increment (MAI) by volume. In this way, it is possible to define the optimal age of rotation (CAI = MAI). For the case of the average SI (29 m), the optimal technical rotation in volume was at the age of 32 years (Table 5 ).
Discussion
The precision obtained in this study is similar to that reported by Romo et al. [15] , who adjusted a system of equations to estimate tree growth in early stages, timber production, and storage of biomass and carbon in plantations of Pinus patula in Veracruz, Mexico, with a database in chrono-sequences and using the SUR technique. The precision obtained explained 74.0% to 99.8% of the total variability observed for dominant height, basal area, volume and biomass. Similar levels were obtained by Magaña et al. [14] when developing a system of equations to predict the growth and yield of Pinus rudis Endl. in Aloapan, Oaxaca, Mexico, based on data from permanent sampling plots.
According to Torres and Magaña [9] and Cancino [31] , diameter increment is closely related to stand density, which is regulated by thinning. In general, the lower density the greater the tree growth. Therefore, models that predict diameter growth can provide information on the dynamics at a given age and initial condition. For this reason, it is possible to identify management strategies to optimize growth rates that meet the planned production objectives, to estimate harvest periods, and to plan activities for the protection and use of forest resources.
Modeling growth in basal area is important because basal area is directly related to the volume or mean square diameter. It is thus a tool for planning silvicultural interventions in stands or forests [23] .
It also serves as a connection between the individual tree and stand models; that is, the estimates set a limit that should not be exceeded with individual tree models [32] .
Compatible equations selected to model growth in volume use as independent variables age, site quality (SI) and basal area, which have been commonly used to model timber yield of P. rudis Endl. [14] , Cedrela odorata L. and Tabebuia donnell-smithii Rose [13] , P. patula [5, 16] and Gmelina arborea [33] .
By including the number of trees per hectare (LT) as a prediction variable, the system acquires a "variable density" connotation, which is a property that is suitable for simulating different silvicultural regimes in different SIs [16] . The equation selected to model mortality is consistent with the model proposed by Clutter et al. [6] and Torres and Magaña [9] , who mention that in many studies it has been proven that SI has little relation in the mortality functions. Santiago-García et al. [16] suggest that some minimum asymptotic value should be established when performing future yield forecasts because, by continuing to simulate mortality, the model will estimate zero trees per hectare, while in a forest under management this would happen only if a catastrophic event occurred.
Technical rotation estimated with the proposed growth system is less than the current technical rotation (40 years) in the forests of Ixtlán, Oaxaca, Mexico [17] . With the yield table, it is also possible to approximate the response the stand will have to thinning and to determine final cutting for different silvicultural regimes.
Another application of the SGTY is to provide inventory updates when there is no remeasurement in the permanent plots network, but it depends on the quality and time between remeasurements, since it is possible to estimate a new inventory from a previous one, or from an update of this type, and to estimate the sample size in case a new operational inventory is required [16] .
The database used lacks data in the range of 25 to 50 years; thus, when making forecasts in this interval, certain reservations must be taken into account. It would be reliable if the projected variables maintain a realistic behavior.
Conclusions
It was possible to apply the curve development method with algebraic difference using forest inventory data from permanent sampling plots. The system of growth and explicit yield equations obtained is a reliable tool for dynamic modeling Pinus patula productive potential in accord with management, density and site quality. This tool is a contribution to the general knowledge of species around the world for decision-making processes, allowing long-term planning in sustainable forest management of plantations and even-aged stands. This research is a first approximation for this species in forests of Ixtlán, Oaxaca, México, with data of permanent sampling plots measured in a time interval. In order to improve the accuracy of the proposed models, extend the range of validity and establish new patterns of growth and natural mortality, it is suggested to increase the number of measurements and readjust the system, thereby improving the statistical indicators and the reliability of the proposed models.
Supplementary Materials: The following are available online at www.mdpi.com/1999-4907/8/12/465/s1, Data used and residuals for Equations (13)- (16) .
